Given a Laplace eigenfunction on a surface, we study the distribution of its extrema on the nodal domains. It is classically known that the absolute value of the eigenfunction is asymptotically bounded by the 4-th root of the eigenvalue. It turns out that the number of nodal domains where the eigenfunction has an extremum of such order, remains bounded as the eigenvalue tends to infinity. We also observe that certain restrictions on the distribution of nodal extrema and a version of the Courant nodal domain theorem are valid for a rather wide class of functions on surfaces. These restrictions follow from a bound in the spirit of Kronrod and Yomdin on the average number of connected components of level sets.
Introduction and main results
Let M be a compact connected surface, which in the case when ∂M = ∅ is assumed to be oriented. A nodal domain of a function f on M is a connected component of the set {f = 0}. We write A(f ) for the collection of nodal domains of f . In this note we are interested in the distribution of nodal extrema m A := max M f dσ = 0. Note that F λ is empty for λ < λ 1 (M, g) where λ 1 stands for the first (Dirichlet) eigenvalue. This follows from the variational principle for λ 1 combined with the estimate ||∇f || 2 ≤ ||f || · ||∆f || ≤ λ||f || 2 for every f ∈ F λ . Therefore we shall assume that λ ≥ λ 1 . Let us present some examples of functions from F λ :
Example 1.1. The class F λ contains the (Dirichlet) eigenfunctions f λ of the Laplace-Beltrami operator on a compact surface, that is functions satisfying
normalized by ||f || = 1. Furthermore, any normalized linear combination of eigenfunctions with eigenvalues λ i ≤ λ belongs to F λ .
Example 1.2. Another interesting class of functions from F λ is given by normalized eigenfunctions of the biharmonic operator on a surface with boundary with the "clamped plate" boundary conditions:
We start with the following result:
and
Here and in what follows, by k g we denote positive constants that depend only on the metric g. The value of these constants may vary from line to line.
Recall that the Courant nodal domain theorem combined with the Weyl law [4] yields that the number of nodal domains of a (Dirichlet) eigenfunction f λ of the Laplace-Beltrami operator does not exceed k g λ. As an immediate consequence of Theorem 1.3, we get a version of this result for functions from F λ : Corollary 1.4. For any f ∈ F λ and any a > 0, the number of nodal domains A ∈ A with m A ≥ a does not exceed k g min (a −1 , a −2 ) λ.
In particular, this applies to linear combinations of the Laplace-Beltrami eigenfunctions on closed surfaces with the eigenvalues ≤ λ (see Example 1.1 above). We refer to [2, 5] for a discussion on this subject. Theorem 1.3 is proved in Section 2 below. Inequality (1) readily follows from the Alexandrov-Backelman-Pucci inequality refined by Cabré [3] , see inequality (5) below. We take a different route and obtain both inequalities in Theorem 1.3 as a special case of the following Kronrod-Yomdin-type estimate.
For a smooth function f on M and a regular value c ∈ R of f , denote by β(c, f ) the number of connected components of f −1 (c). For a continuous function u ∈ C(R), define the generalized Banach indicatrix
In [6] , Kronrod showed that the integral ∞ −∞ β(c, f ) dc is finite, and estimated it from above through the uniform norm of the second derivatives of f . This result was significantly extended in different directions by many authors, notably, by Vitushkin, Ivanov, and Yomdin, see [11] and references therein. In the next theorem, we have in our disposal only L 2 bounds. Theorem 1.5. For any function f ∈ F and any continuous function u on R,
Theorem 1.5 is proved in Section 3. Furthermore, we show that the nodal extrema of the eigenfunctions of the Laplace-Beltrami operator satisfy the following additional inequality. In the next theorem and the corollary we assume that M is a closed surface. Theorem 1.6. For every Laplace-Beltrami eigenfunction f λ with ||f λ || = 1,
Note that inequalities (1), (2) and (4) for the Laplace-Beltrami eigenfunctions f λ capture the sharp order of growth in λ. For (1) and (2), the example is the sequence of eigenfunctions f (x, y) = sin nx sin ny, λ = n 2 , on the flat torus T 2 . For equation (4), the example is the sequence of zonal spherical harmonics on the round sphere S 2 .
Curiously enough, inequality (4) complements the classical bound [10,
as follows:
Corollary 1.7. Let f λ be an eigenfunction of the Laplace-Beltrami operator with the eigenvalue λ so that ||f λ || = 1. Then for each a > 0, the number of nodal domains A of f λ with m A ≥ aλ 1/4 does not exceed k g a −6 . In particular, for fixed a, it remains bounded as λ → ∞.
Indeed, writing n for the number of such nodal domains, we get from (4) that
which yields the corollary. It would be interesting to detect further restrictions on the sequence of nodal maxima {m A } for the eigenfunctions. For the analogue of Theorem 1.6 for the Dirichlet eigenfunctions on surfaces with boundary, see Remark 4.1 below.
Estimate (4) is a juxtaposition of the inner radius theorem for nodal domains [8] with Sogge's L 6 -bound on the eigenfunctions, see Section 4 for the details.
Two approaches to nodal extrema
Proof of Theorem 1.3: Take f ∈ F λ and note that in this case the right hand side of (3) does not exceed k g λ. For a nodal domain A of f and a regular value t of f define β A (t) as the number of connected components of
Observe that if the function u is even, then
Choosing u(t) = 1 and applying Theorem 1.5, we get inequality (1). To get (2), we choose u(t) = |t|.
Another approach to inequality (1) is based on the Alexandrov-BackelmanPucci-Cabré inequality (5) below. Let us illustrate the argument in the case when M is a plane domain equipped with a conformally Euclidean metric g = q(x, y)(dx 2 + dy 2 ) with 0 < q − ≤ q(x, y) < q + . Cabré [3] showed that there exists a constant C = C(q − , q + ) such that
for every smooth function f which vanishes on ∂M. It is crucial that inequality (5) remains valid with the same constant C when instead of M we consider any domain A ⊂ M. Given a function f ∈ F λ and a nodal domain A ∈ A(f ) we get
where σ stands for the Riemannian measure on M. Let us sum up inequalities 6 over all nodal domains A ∈ A(f ) and apply the Cauchy-Schwarz inequality. We get that
which proves (1).
In order to extend this argument to general surfaces and Riemannian metrics, one should use partition of unity associated to a covering of M by conformally Euclidean charts. We omit the details.
Both approaches to inequality (1) presented above have a similar geometric ingredient. The proof of inequality (5) involves, due to Alexandrov, the Gauss map of the graph of the function f . Our proof of the KronrodYomdin-type bound, as we shall see in the next section, uses the Gauss map of the level sets of f .
Proof of the Kronrod-Yomdin-type inequality
Our proof of Theorem 1.5 is based on the following strategy: Assume for simplicity that u ≡ 1. We shall find a suitable "length-type" functional L so that its value on each connected component of every regular level set of f is greater than k g > 0. Thus its value L(f −1 (c)) on the full regular level f −1 (c)
is at least k g β(c, f ). Integrating against dc we get that
Our choice of L will enable us to rewrite the integral on the right hand side as an integral over M by using the co-area formula, and to estimate it in terms of the L 2 -norms of f and its Laplacian. The usual Riemannian length does not fit to the role of L since f may have short level curves (e.g. in a neighborhood of a non-degenerate maximum). However we observe that even short levels become long when lifted to the unit circle bundle of M together with their normals (that is, via the Gauss map): indeed, the normal field makes the full turn along such a curve. This will be formalized below with the help of the Sasaki metric on the unit circle bundle over M.
The Levi-Civita connection gives us the canonical splitting T (T M) = V ⊕ H into the vertical and the horizontal subspaces. Each of them is canonically identified with T M. The metric g ⊕ g on T M (understood in the sense of the above splitting) is called the Sasaki metric. Let SM = {(x, ξ) ∈ T M : |ξ| = 1} be the unit circle bundle over M. Denote by ρ the metric on SM induced from the Sasaki metric. Let κ be the systole of (SM, ρ), that is κ = inf length ρ (α) , where the infimum is taken over all non-contractible closed curves α in SM.
Take any smooth function f ∈ F . Let γ be a connected component of a regular level set of f . Let ν = ∇f /|∇f | be the field of unit normals along γ. Choose the parameterization γ(t) of γ by the Riemannian length so that is |γ| = 1. Denote by H f : T M → T M the Hessian of f . Put γ(t) = (γ(t), ν(t)) ∈ SM. Thus γ is the lift of γ to SM. We start with the following calculation: Lemma 3.1. The length of the tangent vector to γ with respect to the Sasaki metric is given by
Proof. We write ∇ for the covariant derivative with respect to the Levi-Civita connection. Denote w =γ. Differentiating the identity (ν(t), ν(t)) = 1 we get that (∇ w ν, ν) = 0 and hence ∇ w ν = (∇ w ν, w)w. Using that
and that H f w = ∇ w ∇f , we get
Using now that |˙ γ| 2 ρ = |w| 2 + |∇ w ν| 2 , we get the statement of the lemma.
We shall need a simple (and well known) topological fact:
Lemma 3.2. The curve γ is not contractible in SM.
Proof. This is obvious when γ is non-contractible in M. Further, when γ is contractible in M, the curve γ is homotopic to the fiber, say F M , of the bundle SM → M. The rest of the argument splits into three cases.
Case I: M = S 2 . The manifold SM equals RP 3 . In this case the fiber F M represents the generator of π 1 (RP 3 ) = Z 2 and therefore is not contractible.
Case II: M = RP 2 . Look at the double cover p : S(S 2 ) → S(RP 2 ). Observe that p induces a homeomorphism of the corresponding fibers F := F S 2 and F := F RP 2 . Assume on the contrary that F is contractible in S(RP 2 ). Applying the covering homotopy theorem we get that F can be homotoped to the fiber of p in S(S 2 ). This contradicts to the conclusion of Case I.
Case III: π 2 (M) = 0. In this case the exact homotopy sequence of the fibration
shows that F is not contractible in SM.
Proof of Theorem 1.5: For a regular value c of f , decompose the level set f −1 (c) into connected components
length ρ γ i .
Denote by dt the length element along f −1 (c) and by dσ the Riemannian measure on M. By Lemma 3.1,
where |H f | stands for the operator norm of the Hessian. On the other hand, applying Lemma 3.2 we get that
Note that the iterated integral on the right-hand side equals lim ǫ↓0 I ǫ with
By the co-area formula
Applying Cauchy-Schwarz inequality we see that this does not exceed
where ||H f || stands for the L 2 -norm of |H f |. The classical a priori estimate [1, Section 2.2] (cf. [7, Chapter II]) tells us that
for every f ∈ F . Since ||∇f || ≤ 1 2 (||f || + ||∆f ||), we are done.
Remark 3.3. Assume that f ∈ F is supported by the interior of M. For instance, this holds automatically when M has no boundary. In this case we can modify the proof above and get the following version of Theorem 1.5:
where the constants k 1 , k 2 , k 3 have a transparent geometric meaning. To have this estimate consistent in terms of units, we introduce a real parameter r > 0 which has the units of length and consider a family of Sasaki metrics ρ r = r 2 g ⊕ g on SM. We write κ(r) for the systole of (SM, ρ r ), denote by K the scalar curvature of g, and put K min = min M K(x). With this notation (8) holds with
For the proof of (8) and (9) we repeat the arguments in the proof above and arrive at the estimate
see the left hand side of inequality (7). Instead of proceeding as in (7), we use the Bochner-Lichnerowicz formula (see [4, p.85] ):
Integrating it over M we get that
Combining this with (10) and using that |H f | 2 ≤ tr(H Example 3.4. As an illustration, consider the case when (M, g) is any bounded simply connected domain with smooth boundary in the Euclidean plane R 2 (x, y). In this case SM = S 1 × M, where the circle S 1 is identified with R/2πZ and is equipped with the coordinate θ (mod 2π). The Sasaki metric ρ r is given by r 2 dθ 2 +dx 2 +dy 2 . The systole κ(r) is equal to the length of the fiber S 1 × point, and so k 1 = 1 2πr
. The curvature K vanishes and hence k 3 = 1. Applying inequality (8) and passing to the limit as r → ∞ we get that
Taking u = 1, we get
which is a special case of the Alexandrov-Bakelman-Pucci-Cabré inequality (5).
Remark 3.5. As a by-product of our method, we get the following inequality: Let M ⊂ R 2 be a bounded plane domain with smooth boundary equipped with the Euclidean metric. Let f be a smooth function vanishing on ∂M. Then max
This inequality is sharp: take M to be the unit disc and f (x, y) = 1−(x 2 +y 2 ). Note that in contrast to inequality (5) , it involves the L 1 -norm of the second derivatives of f .
To prove inequality (12), it suffices to show that
Introduce the Sasaki metric ρ r on SM with parameter r as in Remark 3.3. Note that the Sasaki length of the lift to SM of the field of normals along any simple closed curve in M is ≥ 2πr. Arguing as in the proof of Theorem 1.5, we get B(1, f ) ≤ (2πr)
Furthermore,
Thus by the co-area formula
This holds for every r. Passing to the limit as r → +∞ we get the desired inequality (13).
In fact, formally speaking, the Sasaki metric is not needed in the proof of (12). Instead of dealing with the ρ r -length of f −1 (c) and passing to the limit as r → +∞, one can start with the quantity Remark 4.1. The inradius theorem can be extended to nodal domains of the Dirichlet eigenfunctions on surfaces with boundary. Applying the results of a recent paper by Smith and Sogge [9] , one can show by the same argument as above that
for any Dirichlet eigenfunction f λ .
